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ABSTIL'CT 

A r-o!COnt calculation of th4' OJl"lif"it. temperature d('l-.cndcllrc- ole lh1!l qutusi­
harmonic I!Ii!'COnd·om('r f"1~~ lic con~tfl.nt4 of tho r.~.c. latti(.'(J \\Jl h arbit.rary 
nea~t.-ne~hbdur ('t'nlnll flll'C'CR is used 10 ealcu l/ll o the bulk n:.xlulus. poly­
crys talline shear moduluof und the r~lycrynnl1 l1le long ltUl linflJ -""",'f' \'elocity 
for argon. Tho nUIl1l' riNl.1 culcu lationa Are bn.lk'ti 011 II. :llie- lA'nnllrd-Jolwtl 
(12·6) pott"fltinl and cO\'e r tho runge tJ < T ~60"' ''. '1'ht'ru L:t rN>K>nf\bJ~ 
"8reement with Iwailnblt' cxpcrirno!ntsi data. At. th~ high"t !em!,'ErRturea 
col1'lpari80n of the titUOf't'ticnl lind cX fJt: rim(ln tlll bulk modulu~ .!ugc c>lts thflt. 
highn onkr anl,annonic dfllCtg may be imponant. for solid Of1!vll. 

§ I. hTRODUCTJO" 

J!\ the last frw years 1\ considerable number of experiments have been 
mrricd out on rare·gas solids and many of these experiments have been 
on polycryst.lline samples. For example, Jones and Spark .. (1964) 
mensllr<"d the resonant frequency of torsjonnl ,"ibration of 3. suspended 
polycrystalLine rod of argon between 18 and (jJ ~K. They were able to 
derive the t,emperature dependence of the sheaf modulu s (or equivulently 
the transverse wave v('locity) of the polycrystnl by normalizing their data to 
the curlier measur£'mcnts of Barker nnd DobLs (I 955 j. Lawrence amI. 
Xealc (1965) obtained ,"slurs for the pol~"crysta lline longitudinal wa,"e 
t"Clorit.y a.t temperature!" bctwcrll 54 and 83 Q K using a cii ffraction of light 
technique. The isothcrmal bulk modulus has been mea.. .. ul'ed at 4·25 °K by 
Pf'lerson el al. (1966) and at i7"7 ""K b~" U n 'as et 01. (1 !)Ii: l. hy studying the 
nriation in the cryst a l lattice pnramctcl' with applied helium pressure, 
llorc recently, Morller and S'luire (1066) and C"'inger.t at. (1967) ha\·. 
rt'l lOrh:d single crystal wave· \"E·loci ties. 

In order to calculate the elastic rfoperlie~ of argon we need to know the 
interatomic forces in the' solid. \\' hile there is no doubt that t he dominant 
forl'C!' in thf'solid are of the c(~ntral two ·1JOdy typo, tlwre is increa.c;ing e ,"i~ 
d"noo (see, (or example. the Fnradny Society Discu$lsion 0 11 Intermolecular 

t ":h i~ paJY!f is buSC" c1 , in part. on a th('si!!t ~lIhmjtll'd b!" C. Feloman to the 
Phy~lt',. Dt' partmenl. of Hutg'('nJ Cniversit.y in partial fuifijmf'1Il of the require. 
m""l 'l fr,r lh f: d.'grC'o of J})ctor of l'hiifJRO phy. 

" ~ 1'1 ~'~'nl &.fldr~": Grumman Aircraft Engincoring CorprJfatil}n, Long rsland, 
~ ... \o'k. \.".s.A. 
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li'OfCCS, IOG5, 40) thnt thrC'C-blJdy forct'~ nrc ulso s:igllific3l1t for solid Ilr~wn . 
Unfortunatl'iy. at the pl'('~nt tillle tlw three-body fOrCl'$lln' notsullil'it'nLl,\ 
well knuwn in th(' ncighbuurho04.l of the pot(,lltial minimum La permit 
an Accurate rairuflltioll of tIlt"' clastic const.nnt.s. \\'c :00 111\11 thl'l'('fol'c adupl 
a phclH.lIllC'llologi('al lDodd , with ('('ntr;t! two-hody fo rces actillg bet\\'I'l'll 
nearest llC'ighLours only. Thl' pnrticular two-body potential that \\C !lh:\ll 
8ubscqu('ntiy use ('un best be ft'garded as an efr('('Lin~ potl'ntinl, inciu(lillf;!: 
many-bOO.'" ('{feets in a crude fashion s inct} the pa l"anl('t('rs; of our hfO-budy 
potential will a lways be fittl'd to experiment. The Iltlnmtugc uf t h(' 
nearest-neighbour model is that the explicit t.e1ll}Jt'I'atnrc dt~pcndcnce oftht' 
E"lastic constnnts C<-\11 bt.~ cnk'lllatcd t'Ssclit inlh' CXl\cth' ful' this moor !' 
Some time (\go, Barr011 lind D omb (195.J.) u~cd ~Il i s moc.i('1 to cltl cuillte the 
static-lattice contril.mtion t.o the poiycrystallinC' t.'iastic constants, 

,Yo ha\'c rccently calcuhltcd the explicit tCIIlPCI';Huro dependen<'t' 
of the [c.t', lattire with an arbitrary Ilcarest-ne>ighbou r ccntral fUfl,(" , 

+(r). For a partirular rilOire of +(r). say, a ~lie- Lcnn"rd-Jolles (m·oi 
potential, our calcula tions give the elastic conSltnnts which can then Ix> 
compared directly with single-cr~'stal mea!;UrC'l11ellt s. HowPH'r, ill 

order to compare our ci.llculaliolls with the wOl'k of J ones und Sparkc'S 
(1964) and Lnwrence and Kea le (196fl) we mu!'t first pus:; from resu lt s for 
the single crystal to the pol,\'crystalline materia l. The ruHbod of 
a\-ernging the single crystal ela. ... tic cunstants is discu:;.scd in the nf'lt 

section and a brief outline of our calculation is gin~n in § 3, In § 4 our 
calculations arc compared with the avail.<1,blc expcl'imenh\l data, The' 
calculations presented hI this paper can be regarded as extending [hE' 
work of Barron and Domb (1954) and Barron and Klein (1965) to finite 
temperatures, \\'c shall see that the o\'crall agr('cment of experiment 
with our i\lie-Lennnrd-Joncs nearest-neighbour model is quite reasonalJli:. 

§ 2. POLYCR\'ST_ULI~E ELASTIC Co='STA~TS , 

For n. cubic cr:ystal thcre are only three independent elastic constnnts 
CUt Cu and cu' The rclntiolls liip of these to the elastic constants of an 
isotropic polycrystalline aggregate has been discussed by Hill (195~ '), 
For 8 cubic crystal the bulk modulus, A-, is unaltercd and the she>sr modulus. 
G, becomes an average of the two independent shcar constants C"4 and 
Hc

l1
-CI2) . Upper and lower limits of the polycrystnlline shcar constant. 

G, are given by the approximations of Voigt and l{euss, defined by: 

G'=(~ll-C,,+ 3< .. )/5, 

Gv-G,,= 3[2c" - (c lI -o"))'/5[4c,, +3(clI -o,,)]. 
In all that follows we shall work with the arithmetic mean of Gv a.nd r:/t, 
The \Telocitj(ffl of longitudinal and tra.nsverse waves in the poJycry.!:tnl 
arc biivcn by: 

pV,' = I\+(t.)G, pV,'=G, 
whcre p is the crystal densit.y, At !)OK , Hortull und Leech (1963) ha\'c 
HUggeHtCJ a n alternnti,,'c method of nvcragi ng by using thezcro-temperuturt 
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Ill'i)ye theta alld the zel'o-temperature bulk mod ulus, Bal'ron and 
Ktl'ill (1905) shmYl'(l that HOl'to11 and Lcc('h's ull'thod ngrCt~s wiil1 tho 
lll>uve mentiollcd procedure to better than :!!'\~. Thlls we Clln Jun.-eo some 
l'imHdpuoo ill our averaging procedure, I-Iolton and Leech's avemging 
procedure i ~ not. appl icaulC' to finite tClIlrJOl'at UI'CS: so we shull flot use it 
here, 

§ 3, C .u..CUI.ATIOS OF' TJl1-: ELAST IC CO~ST."STS 

We have calculated the clastic coustnnts [!'O1ll the equation 

where 

Here ll> is the static lattice energy, aSiiumcd to be the sum of p.1irwisc 
lldditi'\"e contributions, efli and cv

Qj are the internal energy and ~pecific 

heat contribution~ from the mode tn'li and y~ i\nd ,3~8or deticribe the 
dependence of the normlll mode freql1t.~neics 011 the homogenous strain 
parameters {'U',sB}' In the actual calculation Y...a and P~OT ha\-e heen 
rnlluated to second order in perturbation theory, 

Fig. 1 
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Temperature dcpcorlC' llcc of the polycrystuJiinf: Hht'ur modulu~ uf HI.llit l nr~on , 
The eirel!'!; nre tlcrin ... 1 from thl' wo rk CJf ,Ion('s A.ml ~pll rkt."!oI (HJf~), The 
O°R. vallie i;; tn.k ..... from Pt.'t,t'rson pl (u. (HHlfj), TIlt! "moot.h ~unre i!t 
cu.iculult.'<l for u -'lic- I...cnuard-.Jullf'loI (11-1;) lIf'an.:st-ncigld.HHlr mood, 
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For an isotropic stress P. the constants S .. /J~" arC' rclott .. -d to tho more 
usual clastic ('onstullts ('Mr by the E"C)ulltiunfi (with the usunl \·oigt. ,'ou­
traction!") : 

CU=SII' t n =Sl:+P, r", .. =S"",. 
}'ull detAils of the calculation will he prcsclltt'fl elsowhere (see also C. 
Feldman , Ph .D. Tlwsis; . Hutg:C'rs. Uni\'cr:$ity, HIli7). ~'rom cu' CI~ and (II 

the polr('ry~tnllinf" COllstants an" thclt ohtnincd by the method indir(urd 
in the previous set'tion. Some r£'Suits for argon l\l'f' shown in figs. I, ~ 
and 3 for the special case of a )li l'-Lcllnard-Jollcs (1 :! .l-j) nearest -neighbour 
model. The potential parameters of Horton and Leech (1963) which 

Fig. 2 
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Temperature de~ndence of th(' poJycrystaJline longitudinal wave nlocily 
plotted as p 1'1' \'cr~U8 temperature, \I. here p js the crystal density. The 
circles are taken from Lawrencc and Xcale (1965). Thf' smooth curn if, 
calculated for a. Mie-Lennsnl- Jollcs (J2-H) nearest-neighbour mO<.l cl. 

were fitted to the experimental latent hcat and tho O':}{ molar volume were 
used, Our calculations were carried out at the observed experimental 
molar volumc8, no attempt being made to solvo the equation of stale for 
the equilihrium moltlr volume of the model. 

§ 4. COMP,AI.Rlsn:-; WITH EXPI-;RtllF.ST 

Unfortunately our theoretiC'al calculations nre restricted to the ralll!e 
0< T.::s 600 x hut comJlnri!o\On~ with experiment can still be made. Figun' J 
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J\tIW:;: u compa rison of our modr l ('nlrulntions wit h lht' data of Jones nnd 
::'p.\rk(.'s (196-'), The thC'ot"('tiC'l\1 curve, corrcl'lpolldil1~ to C=(G\.+Gn)/2 
' I1nl'f rtain duo to the n\'cragin~ prO('edurC' (th(' dim'rence bcwt.'C'1l C't' and 

f;n i~ :lpproxill1atC'iy IO%l but the t('mp<'raturf' d('pcndl'nce is wl'll dcfinL"Cl 
till' liiffcl"cnC(' between C\, and Gn is I\ppl'oximatc·ly tcmpcratlln.' indc­

i-",·mknt,). Jones and Sparkes (1964) (']aimed a rf'lnth'c accurncy of 2% 

Fig. 3 
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T(,lUperature dependence of the isothermal bulk modulus for solid argoll. The 
upper cun'e and thc point at 4,2fjoK are taken from Petcrson el lIl. (1966), 
thc point at i7·7°K is taken from L'rvus, et al. ( 19Ij";). The lower cun'c 
is calculated for a ~lie-Lcnnard-Jone8 (J2.6) ncar~t-neighbour model. 

and ~n absolute accuracy of about 4 %
, consequently there is considerable 

h ttit ude for adjlL"tntCllt to the figure. E\'cn so. the agreement of the 
mudd with the experimental tcmperature oepcndC'ncc is quite rctl&OImble, 
FiC:lI re 2 compares the results of Lawrence and Xenic (I!l65). plotted as 
o rf~ \'(:·rsllS temperature, with (Ju r (12-6) ncarcst -nciJ!hbour model. The 
a.:r('(-mcnt he rt! i~ again quite rca.<sonnble . .Figure a eomparml the isot ilerrnnl 
;,o lk mod1l lus of Simmons und his eo·\\"orkf·Mj with our model (·ttl eulatioIlR. 
At th .. - highest temperatures there is bf':? inning to be lL- !"i~ lliHcallt diffel'C'nco 
t~·twf"':!n t he theoreticnl and experimental temperature depelldcm:c . This 
1Io(('rl 'pnncy is prol,ably due to t he n('~It'ct of the hi.(!ilt:r order anhnnnonic 
\Prrn" in our model. In fuct , the wurk of \\'a llul:c ( I Uti.i) al ready indicates 
' ha l the~e Iiigh('r-orcier terms would tcnd to inCTCa...,-· th('l bulk modulus. 
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How{'\'l'"r. in this pape r no "It.empt will be made to caknlat (' tlieS<" tt'fm.'l 

Finally. we note in pl'~in!! that fur l)Ur (1:! ·ti) mudd Poi3!'1on's Ihtiu 
\"'n ri~ from t)'~4J at 0 1\ ttl il lll~ut O·:!fI'lt Hij ' K. ,(,hi:-; i~ to lie C'OIllIJ.ln'fl 

with the vnlllt'SO':Z53 at UClK :'I ud ll':!7 at 70 Q
K list~d by Pl'tCniOn etal. ( 11l6ti\. 

§ 5. CONCLUSION 

\\~c ha\'c shown t.hat th(' tf'1111H.·rnturc d('pcnd"ncc of tht" SCCO II(.l ·tlrd'~r 
poly(·ryst.alline clustic l'On~t ;\Ilt~ of argollll re in fairly good 'h.'TCcmcnt with 
the nearc:;t · neighhour ~li("- I .enl1nrd--Jollcs (1:!.li) potC'ntilll. Ht)\\"('\'{'f 

the "(,t)' precise isotherll1,\l ('omprt"ssiiJility datn of Simmons and hl~ 

co-workers suggests in;,dcquac·j(':! in the model ill t he highest tcmpcratuN'S. 
If this illlulcqul\cy i~ {!()nri rmC'd oy good si l1J;!I('-l'rYJoit al elastic cun~lant 
dItta it will probably m{'i:\!l that a mol'O sophi~t i ca t ed t rt"atment of th(' 
higher-order anhul'lllouicity is I'C(luired for atg-Oll. 
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Microanalysis or Al + 4 wt. <}~ Cu by Co mbincd Electron l\1icroscopy 
and Energy Analysis 

By S. L. C""DY, A. J . F. METH"Rt:t.I, and M. J. \\"n ELANt 

Cav('odish L!loorntory. Canlbric.lgc 

[Recci",ed •. July H167 and. after revision, 13 Scptcmbt'r 1967J 

ABSTRACT 

Direct obt;er\'MtiOIlA of tho ent"rgy INS fill'k'(' tnl from 8 rh~ pl"E.'l·ipitatC!' in 
.\1 + 4 "'t. % Cu allor 111,,"0 Il ...... ·n Inddo by mt'(HI! of combined ek'<'tron 
lTIi(,~oIJY and C'flo;'rg:y (llu\(ys i", in onlcr to ('xlIlIli m' the dinicultiL'$ invo l\'ed 
in Ul!Iing th i. .. h"Chlliqll~ for quillitall\· ... miCt"Oftl1l1lysl" of PN.'('ipitlitoo phu.~.:",. 
It ~ condudt'd tlull 1\ mi.:.- rolUu, IY:>lls Will toe colllplctl'ly reliublc if I h~ pcoia in 
the c hlll'>LCtcrilit ic cnerv:-- IOH." "' JI"ctrl1 tU to .'1U c\· ) frum IIIRtriX lind pn.-cipittlt e 
flrt" rc880nllbl!>' weU ddilled 8ml well ~1~rnh'(l. If tlli.>I i~ not 1Kt. then th~ 
IJI ... ~ipilltte IOU>!' t''o:tc l!(i fl'OlII tho tor to the bollom 8urfacc of the e lectron 
microscope 1l1H.'Cilll~·1I h,,' fon) IIn:--" rcliublo i .. rUI· lI lIltion Clift be obuunt..-d. A.8 
far a4 the exten~ion of tho tt't'hniqutt to tim ~,ud.\· of tIt.'grt'glltion effE:C~ i8 
concerned, it i.8 conc:hKIt..-d thllt the bow\d"ries nt wluch slUch efftICt8 are 
expooted mu.st be lllignt<l pantllel to tho incid('nt el\'Clron bellm. 

§ l. ISTRODCCTW:S 

~En:ft..u. tcchniqurs have been de\"clopcd for the microanalysis of metals 
;and a lloys. One such method depends on thl:' mensurement of the charac ­
tHistic ellcrg""r loss spcctrum o f fo....,t elect l'ons transmitted tbrough thin 
roil,; of the metul 01' uHoy. The principle of thi~ method was originally 
l\Ut lined by Hillier and Baker (1944); they ellviiUgrd the usc of the energy 
10::1.:;05 produced by the excitation ofx-ra~' Icvel8 to identi fy . qualitath'ely, 
th!:! constituent ntOlnR of n. specimen. The possihilil,\' of applying this 
tE:l'hnifIUe in' conjunction \\'ith con\'entiollnl transmission electron micro­
V'opy has recently been realized hy the constrIa·tion of energy ~cl(' ('ting 
r!cctron microscopes (\\'atnl1.nbe nnd Uyeda 1962, Castaing and Henry 
1!l6:?, 1964-) and energy anulysing electron microscopes p lethcrell ~t al. 
lOG:') , Cundy et ai, t !lOU) . At present both tyP('~ of instru ment have energy 
~solutions .... 1 to 2ev, with operating voltal{cs ...... 81)k\· t o IOOk\'. nnd 
ut ilize the predominan t energy 10s3C~ of the tran~rnitted electrol1:ot which 
lie hctwccn 0 and ahout 50ev. Thesc lo u' Cfwr~v lo!-;ses are charact t'ri~ti c 
oCt hc electronic i)(l lul strnctul'C o f th(" mnt (' I'ial of the ~pccimen und do not 
net:r:ssarily illllicntc the compor.l ition of tlte s pecimen. 

'I'll,. rurpose of thili pnl){'(' i ~ to in v(,'iti~ate the difficulties invo l" cd in 
'l"{ing this t echnique to perform a mi('roa nuh-s i~ of nn nlJr)y CQlltnining n. 

t Now at t he Dl:partnwnt of ~I cl(l ll urgy. PUI'k!; Road . Oxford . 
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